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ABSTRACT

The numerical solution of a heat and mass transfer of 
magnetohydrodynamic nanofluid boundary layer flow 
caused by a stretching surface is presented in this study. The 
governing equations which are continuity, momentum, 
energy and concentration are transformed into nonlinear 
ordinary differential equations using similarity variables 
and then solved with the exponentially fitted Simpson’s 
type block method along with the shooting technique. 
A comprehensive analysis of the method used shows that 
it is consistent, convergent and both A-stable and zero-
stable. Numerical results show excellent agreement with 
existing results, confirming the accuracy and reliability of 
the proposed method. The results indicate that an increase 
in Biot number leads to a significant rise in surface 
temperature and Nusselt number but with little effect on 
the Sherwood number. Likewise, higher Prandtl numbers 
and Lewis numbers are found to suppress the thermal and 
concentration boundary layer thicknesses, respectively, 
leading to an increase in the Sherwood number. The 
study further reveals that the magnetic parameter 
suppresses fluid motion, leading to reduced temperature 
and concentration profiles due to enhanced Lorentz 
force effects. Additionally, thermal radiation is shown to 

thicken the thermal boundary layer, thereby enhancing the 
nanofluid’s temperature distribution across the sheet. The 
study demonstrates that the proposed method is a reliable 
tool for solving coupled nonlinear nanofluid boundary 
layer problems with convective boundary conditions.

Keywords: Block method, heat and mass transfer, 
boundary condition, nanofluid, magnetohydrodynamics

INTRODUCTION

Recently, because of its many uses in several scientific 
and engineering fields, MHD nanofluid mass and heat 
transfer has caught the interest of several researchers given 
its enhanced thermal properties. Choi (1995) refers to 
nanofluid as the suspension of nanoparticles in fluids to 
enhance heat transfer performance. Prasad, Kumar, Varma, 
(2016) defined nanofluid as a fluid that suspends particles 
as small as nanometers in a base fluid to enhance its heat 
transfer characteristics. Many researchers have extensively 
investigated the effects of key physical parameters such as 
the magnetic field, thermal radiation, chemical reactions, 
brownian motion and thermophoresis parameter on the 
heat and mass transfer characteristics of MHD nanofluid 
flow over stretching surfaces. These investigations have 
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been carried out using different numerical and semi-
analytical methods since many of equations of the 
boundary layer pertaining to the transport of mass and 
heat of nanofluid problems may be difficult to solve 
analytically. Gbadeyan et al. (2011) extended the work of 
Makinde and Aziz (2011) by including thermal radiation 
and magnetic field parameter in their investigation of 
boundary layer flow of a nanofluid past a stretching sheet 
with convective boundary conditions using the shooting 
method with Runge Kutta Fehlberg method. Similarly, 
Maripala and Naikoti (2018) examined MHD effects 
on micropolar nanofluid flow over a radiative stretching 
surface with varying thermal conductivity using the Runge 
Kutta Fehlberg technique. The complexity of these flows 
often involves porous media and rotating systems. Nami 
and Bouaziz (2018) investigated the impact of MHD on 
nanofluid flow over a stretching surface embedded in a 
porous medium using the MATLAB bvp4c collocation 
method. Furthermore, Nosheen et al. (2023) analyzed 
magnetized Darcy-Forchheimer hybrid nanofluid flow 
with slip effects using the Parametric Continuation 
Method (PCM). In terms of geometry, Abbas et al. (2023) 
investigated MHD nanofluid flow over a vertical cone 
subjected to thermal radiation and chemical reaction via 
the finite difference and Chebyshev-Galerkin methods. 

Shakeri et al. (2012) and Shoaib et al. (2023) successfully 
applied Variation iteration method (VIM) to investigate 
the flow and heat transfer characteristics of nanofluid 
magnetized fluids. Ebiwareme et al. (2023) utilized the 
Adomian Decomposition Method (ADM) to study two-
phase nanofluid flow in a rotating system. The Homotopy 
Perturbation Method (HPM) has also seen significant 
application: Oahimire et al. (2020) applied it to general 
nanofluid heat transfer, Eldabe and Abou-zeid (2017) 
used it to analyze MHD pulsatile mechanisms of non-
Newtonian nanofluids between parallel plates. Govardhan 
and Sreedhar-Sarma (2021) extended this scope to non-
Newtonian dynamics by investigating the effects of viscous 
dissipation and activation energy on Casson nanofluid 
flow over a stretching sheet using a shooting technique 
combined with the Adams-Moulton method. While HPM 
and VIM provide accurate results, they are often complex 
in application (Sobamowo et al., 2017,2019). Similarly, 
the explicit Runge-Kutta method, though widely used, 
requires large amount of computational effort (Asifa et al., 

2022). The objective of this research is to demonstrate the 
efficacy and reliability of the block method in the numerical 
treatment of nonlinear, coupled MHD nanofluid flow 
boundary layer equations. By applying this method to the 
governing system including the momentum, energy and 
concentration equations, this study seeks to validate its 
performance against existing physical benchmarks.

Block methods have demonstrated significant efficiency 
and stability in solving single-fluid flow and complex 
boundary value problems (Olabode et al., 2024; Kwari 
et al., 2021). While recent studies have begun exploring 
these techniques such as Oyelakin et al. (2020), who 

utilized a -step block method for investigating an 
exponentially decaying internal heat generation rate and 
free nanoparticle movement on the boundary layerflow 
likewise Phang and Abdulmajid (2015), who applied a 
fifth order Adams type block method to moving surface 
application of mass and heat transport in nanofluids 
remains limited. Originally introduced by Milne (1953) 
and further developed by Rosser (1967), block methods 
retain the self-starting advantages of Runge-Kutta schemes 
(Akinfenwa et al., 2013, 2015) while offering superior 
computational speed by generating approximate solutions 
at multiple points simultaneously.

According to Abhulimen and Ukpebor (2017), the 
concept of exponential fitting was proposed by Liniger 
and Willoughby (1970), who proposed three one-step 
integration formulas of orders one to three for the solution 
of stiff differential equation. Since then, numerous 
researchers have developed exponentially fitted methods. 
Jator et al. (2021) formulate a series of block backward 
differentiation formulas that fit exponentially to address 
the Black-Scholes partial differential problem. In order to 
solve first order ordinary differential equations numerically, 
Faniyi (2023) developed a three-step exponentially fitted 
backward difference method of the Simpson type. The 
method demonstrated superior accuracy and lower global 
errors compared to traditional linear multistep methods 
when applied to first order differential equation. The study 
aims to demonstrate the effectiveness of block method 
using an exponentially fitted Simpson’s type in solving 
nanofluid boundary layer flow problems.
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METHOD DERIVATION

This part considers the construction of a continuous first derivative exponentially fitted Simpson’s type block method 

within the interval  to generate a discrete formula and its additional method in the form

    								                   (1)

Where ,  is the variable parameters, h is the step size and  are parameters to be uniquely 
obtained.

Traditionally,  are the approximate solutions to the exact solution  and 

. Assuming y(t) is the exact solution within the interval , we shall then approximate  by seeking the 

solution of  of the form

           							                  (2)

Where  are real unknown parameters that are to be determined. The k-step will be constructed by imposing the 
following conditions.

 			              (3)

We emphasize that equation (3) leads to a system of  equations which will be solved using algebraic system (Maple 

16) simultaneously to obtain the coefficients . The value of  are substituted into equation (2) to obtain the continuous 
method in the form

 								                   (4)

Where  are continuous coefficients.

Equation (4) is therefore evaluated at  for the main formula and ,  for the complementary to 
give a block of three formula as given below

			              (5)

With coefficients of equation (5) in exponential form and power series in Appendix I and II below 

THE METHOD’S PROPERTIES

This part addresses the fundamental characteristic of the methods such as the local truncation error, consistency, 
convergence, zero stability and stability region. Following Akinfenwa et al (2015), the matrix finite difference equation 
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representing the Simpson’s type method is in the forms

 			              (6)
where

 			              (7)

and are  matrices that hold the schemes’ coefficients.

LOCAL TRUNCATION ERROR

Local truncation error is demonstrated using the theory of linear difference operators as seen in lambert (1992)
Given

 			              (8)
with the linear multistep method above, we associate the linear difference operator as defined by

 			              (9)

Where  is continuously differentiable and  is an arbitrary function. By collecting terms in equation (9) and 

expanding the test function  and its derivative  with Taylor, we have the local truncation error as 
given below

 			            (10)

ZERO STABILITY

The zero stability is the stability of the difference system (6) when  and it gives

 			            (11)
So, it is zero stable if the first characteristics polynomial given by

 			            (12)

and for 
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the first characteristic equation for  can be given as

Hence is zero stable

Fig 1: stability Region for k=3

CONSISTENCY AND CONVERGENCE

CONSISTENCY: According to Lambert (1973), the method is consistent since it has order 
CONVERGENCE: The method converges since a method must be zero stable and consistent as a necessary and sufficient 
condition for it to be convergent (Lambert 1973).

MATHEMATICAL MODEL

We consider steady two dimensional  boundary layer flow of a nanofluid past a stretching sheet in the presence of 

magnetic field intensity and the thermal radiation with a linear velocity variation with the distance  i.e.  
where a is a real positive number and x is the coordinate measured from the location where the sheet velocity is zero. The 

sheet surface temperature , to be determined later is the result of a convective heating process which is characterized 

by a temperature  and a heat transfer coefficient h. the nanoparticle volume fraction C at the wall is , while at large 

value is . The continuity, momentum, energy and nanoparticle concentration equations (Gbadeyen et al 2011)

                                                 			           (13)

			          (14a)

 			          (14b)
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 			            (15)

 			             (16)

where  denotes the density of the nanofluid and  and  is the velocity components, respectively in the  and  

axes;  represents pressure;  represents thermal conductivity of the nanofluid;  represents ratio of the substance of the 

nanoparticles’ effective heat capacity;  represents fluid’s kinematic viscosity and heat capacity; Temperature represented 

by ,  represents electrical conductivity;  represents the uniform magnetic field; and  represent the Brownian 

diffusion and thermophoretic diffusion coefficients by .
The boundary condition may be written as

			            (17)

The radiative heat flux  is described by Roseland approximation such that 

 			            (18)

Where  and  are the Stefan-Boltzmann constant and the mean absorption coefficient respectively.  We assume that 

the temperature difference within the flow is sufficiently small so that the  can be expressed as a linear function after 

using Taylor series to expand  about the free stream temperature  and neglecting higher order terms. This result is 
the following approximation: 

 			            (19)
Using (18) and (19) in (15), we obtain

 			            (20)
We now introduce the similarity variable and following dimensionless quantities

 				             (21)

where   is the stream function with 
with this definition, the continuity equation is satisfied. Substituting the similarity variable and the dimensionless 
quantities into the governing momentum, energy and concentration equations together with the transformed boundary 
condition yields the following system of ordinary differential equations:

 			             (22)

 			            (23)

 			            (24)
Subjected to the following boundary condition 
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           							                (25)

 represent the Prandtl number,  represent the Lewis number,  

represent brownian motion parameter and the  represents the parameter for thermophoresis, 

 represents the biot parameter, local magnetic parameter   and  
represent thermal radiation parameter.

RESULT AND DISCUSSION

Equation (22-24) subjected to the boundary condition 
specified in equation (25) were solved numerically using 
exponentially fitted Simpson’s type block method along 
shooting techniques (Maple 16), it was compared with the 
work of Gbadeyan et al. (2011) and Makinde and Aziz 
(2011) as seen in tables 1 - 3, to which excellent agreement 

was established. In table 1, Magnetic field  and Radiation 

parameter  was fixed at 0 while thermophoresis 
parameter and Brownian parameter was fixed at 0.5. 

There was slight effect of Nusselt  and Sherwood 

 due to Prandtl parameter  when moved from 
1.0 to 2.0 but as Prandtl increase, the Sherwood number 

increased and the Nusselt number  

significantly decreased. The wall temperature  and 

reduced Nusselt number  increased when the biot 
number increased from 1.0 to 10.0, the change in reduced 
Sherwood was relatively minimal in Tables 2 and 3, where 
only the thermophoresis and Brownian parameters were 
kept at 0.5 throughout. The reduced Nusselt number 

 decreased as the Lewis number rose, but the 

surface temperature and reduced Sherwood  grew. 

The decreased Nusselt number  rises as the radiation 
parameter increases, whereas the surface temperature and 

reduced Sherwood number  fall. While the surface 

temperature decreases, the Nusselt and Sherwood 

numbers fall as the magnetic parameter increases.

Table 1: Comparison of Makinde &Aziz (2011), Gbadeyan et al., (2011) and EFSBM when 

M
akinde

&
 A

ziz 
(2011)

G
balayan 

(2011)

E
FSB

M

M
akinde

&
 A

ziz 
(2011)

G
balayan 

(2011)

E
FSB

M

M
akinde

&
 A

ziz 
(2011)

G
balayan 

(2011)

E
FSB

M

1 0.1 5 0.0789 0.0789 0.0789 1.5477 1.5477 1.5477 0.2107 0.2107 0.2107

2 0.1 5 0.0806 0.0806 0.0806 1.5554 1.5554 1.5554 0.1938 0.1938 0.1938

5 0.1 5 0.0735 0.0735 0.0735 1.5983 1.5983 1.5983 0.2655 0.2655 0.2655

10 0.1 5 0.0387 0.0387 0.0387 1.7293 1.7293 1.7293 0.6132 0.6132 0.6132

5 1.0 5 0.1476 0.1476 0.1476 1.6914 1.6914 1.6914 0.8524 0.8524 0.8524

5 10 5 0.1550 0.1550 0.1550 1.7122 1.7122 1.7122 0.9045 0.9045 0.9045

5 100 5 0.1557 0.1557 0.1557 1.7144 1.7144 1.7144 0.9984 0.9984 0.9984

5 5 0.1557 0.1557 0.1557 1.7146 1.7146 1.7146 1.0000 1.0000 1.0000

5 0.1 10 0.0647 0.0647 0.0647 2.3920 2.3920 2.3920 0.3531 0.3531 0.3531

5 0.1 15 0.0600 0.0600 0.0600 2.9899 2.9899 2.9899 0.4001 0.4001 0.4001

5 0.1 20 0.0570 0.0570 0.0570 0.0570 0.0570 0.0570 0.4296 0.4296 0.4296
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Table 2: Comparison of Gbadeyan et al., (2011) and EFSBM when 

Gbalayan (2011) EFSBM

1 0.1 5 1 1 0.17781512 0.17781429

2 0.1 5 1 1 0.15569662 0.15569577

10 0.1 5 1 1 0.21033294 0.21033215

5 1.0 5 1 1 0.70239196 0.70238898

5 10.0 5 1 1 0.96345179 0.96344874

5 100 5 1 1 0.99627199 0.99626826

5 0.1 10 1 1 0.17094172 0.17094089

5 0.1 15 1 1 0.17826644 0.17826562

5 0.1 16 1 1 0.17934163 0.17934081

5 0.1 5 1.2 1 0.15229645 0.15229560

5 0.1 5 1.4 1 0.14871332 0.14871247

5 0.1 5 1 1.4 0.15206142 0.15206057

5 0.1 5 1 1.7 0.15083010 0.15082925

5 0.1 5 1 2.0 0.15055873 0.15055788

Table 3: Comparison of Gbadeyan et al., (2011) and EFSBM when 

Gbalayan (2011) EFSBM Gbalayan (2011) EFSBM

1 0.1 5 1 1 0.08221849 0.08221847 1.79235452 1.79235454

2 0.1 5 1 1 0.08443034 0.08443029 1.79427404 1.79427408

10 0.1 5 1 1 0.07896671 0.07896658 1.85125678 1.85125689

5 1.0 5 1 1 0.29760804 0.29760861 1.88288840 1.88288782

5 10.0 5 1 1 0.36548209 0.36548326 1.93443321 1.93443204

5 100 5 1 1 0.37280059 0.37280184 1.94137909 1.94137783

5 0.1 10 1 1 0.08290583 0.08290639 2.55713797 2.55713739

5 0.1 15 1 1 0.08217336 0.08217442 3.12928477 3.12928469

5 0.1 16 1 1 0.08206584 0.08206699 3.23140528 3.23140413

5 0.1 5 1.2 1 0.08477036 0.08477029 1.84706206 1.84706212

5 0.1 5 1.4 1 0.08512867 0.08512863 1.88271733 1.88271736

5 0.1 5 1 1.4 0.08479386 0.08479377 1.80337414 1.80337421

5 0.1 5 1 1.7 0.08491699 0.08491692 1.80076349 1.80076349

5 0.1 5 1 2.0 0.08494413 0.08494406 1.79888836 1.79888884



Afr. J. Pure Appl. Sci. Vol. 6(2), 36 – 49, December 2025 44

Effects of parameter variation on temperature 
profiles

Figure 2 illustrates the behaviour of the temperature profile 

as the Prandtl number  varies, while keeping other 

parameters constant. As  rises, the temperature profile 
falls. This is because is inversely proportional to thermal 
diffusivity. A higher indicates lower thermal conductivity, 
which reduces the thickness of the thermal boundary layer 
and lowers the overall temperature within the fluid
Figure 3 displays the influence of the radiation parameter 

 on the temperature profile for a specific set of 
parameters. The graph shows that an increase in results in 
a widening of the thermal boundary layer. Physically, the 
radiation term in the energy equation enhances the heat 
conduction process, transferring more thermal energy into 
the nanofluid and causing the temperature profile to rise.

Figure 4 depicts how the Lewis number  affects 
the temperature profile. As the number increases, the 
temperature profile declines significantly. The Lewis 

number  represents the ratio of thermal diffusivity to 
mass diffusivity. Higher values indicate that heat diffuses 
much faster than mass and the coupled interaction between 
the temperature and concentration fields modelled by the 

 and  terms lead to a more rapid dissipation of heat, 
resulting in lower temperature profiles.

Figure 5 shows the effect of the magnetic parameter 

 on the temperature profile. While the magnetic field 
is primarily introduced in the momentum equation 
to regulate flow through Lorentz forces, it impacts 

the temperature via the coupling of velocity  and 

temperature . As increases, the thermal boundary layer 
thickness shrinks. This occurs because the magnetic field 
retards the nanoparticle velocity, which in turn reduces the 
convection of heat through the fluid, ultimately lowering 
the temperature profile					   
	

  	
Fig 2: Impact of Pr on temperature profile when Nt=0.1, 
M=0.1,  Le=5, Ra=0.1, Nb=0.1 	

Fig 3: Impact of Ra on temperature profile when
Nb=0.1, M=0.1, Le=5, Pr=5, Nt=0.1
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Fig 4: Impact of Le on temperature profile when Nb=0.1, 
M=1, Pr=0.1,

Fig 5: Impact of M on temperature profile  	                
when Nb=0.1, Ra=0.1, Le=5, Pr=5, Nt=0.1 Ra=1, Nt=0.1

Effects of parameter variation on concentration 
profiles

Figure 6 depicts the effect of the Prandtl number  
on the dimensionless concentration profile. The results 
indicate that changes in have a minimal direct impact on 
the concentration profile. 

Figure 7 demonstrates how the radiation parameter  

affects the dimensionless concentration profile. As  
increases, the concentration boundary layer thickens. 
The enhanced thermal radiation increases the fluid 
temperature, which in turn facilitates greater nanoparticle 
diffusion into the fluid. This expansion of the concentration 
boundary layer leads to an overall rise in the concentration 
distribution throughout the flow field.

Figure 8 illustrates the influence of the Lewis number  
on the dimensionless concentration profile. It is observed 

that as  increases, the concentration profiles decrease 
significantly. Physically, represents the ratio of thermal 
diffusivity to mass diffusivity. A higher value implies 
lower mass diffusivity, which restricts solute transport and 
effectively thins the concentration boundary layer. 

Figure 9 displays the impact of the magnetic parameter  on 
the dimensionless concentration profile. A larger magnetic 
parameter value is shown to thin the concentration 
boundary layer. This occurs because the magnetic field 
exerts a Lorentz force that suppresses the mobility of the 
nanoparticles. By retarding the velocity, the magnetic 
field indirectly limits the spread of nanoparticles from 
the surface, resulting in a reduction of the concentration 
profile and a thinner boundary layer.

  
Fig 6: Impact of Pr on Concentration profile when 

Nb=0.1, M=0.1, Le=5, Ra=0.1, Nt=0.1
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Fig 7: Impact of Ra on Concentration profile when 
Nb=0.1, M=0.1, Le=5, Pr=5, Nt=0.1 Ra=0.1, Nt=0.1

  	
Fig 8: Impact of Le on Concentration profile when 
Nb=0.1, M=1, Pr=0.1, Ra=1, Nt=0.1

	

Fig 9: Impact of M on Concentration profile when 
Nb=0.1, Ra=0.1, Le=5, Pr=5, Nt=0.1 Ra=1, Nt=0.1

CONCLUSION

In this study, exponentially fitted Simpson’s type block 
method was proposed so as to solve the coupled system 
of equations, in comparison of the result, it shows a high 
degree of agreement with the earlier finding in the literature 
which justify the accuracy of the proposed method.
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