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ABSTRACT

Critical points are specific energies or scattering angles at
which the scattering cross section shows abrupt changes
or distinctive features—such as minima, maxima, or rapid
variations—caused by interference between different
scattering amplitudes or by changes in the underlying
interaction potential. Studying these critical points
allows researchers to identify threshold behaviors, detect
resonances, and test the validity of theoretical models
against experimental data. As a result, critical points help
improve the accuracy of cross-section predictions and
provide deeper insight into complex collision dynamics,
which is crucial for applications in plasma physics,
astrophysics, and radiation physics. In this research, we
have used the distorted wave method to determine the
critical point in the differential cross section for elastic
electron-neon atom scattering in the intermediate energy
range, which isat 0 < 8 = 180°. We have employed a
complex potential, that consists of an absorption potential,
exchange, polarization, spin-orbit interaction, and static
potential. The available experimental and theoretical data
from the literature are contrasted with our findings. We
found that the critical point for elastic electron-neon atom
scattering located at (100.57 & 17, 6366+ 1el)
is in good agreement with the experimental findings of
Register and Trajmar (1984)

INTRODUCTION

Critical points are locations where the differential cross
section reaches its lowest values on a plane defined by the

impinging electron energy E, and the scattering angle 6.
At these points, processes su’ch as excitation, ionization,
charge transfer, and elastic or inelastic scattering may
show sudden increases or decreases in probability, making
them especially useful for understanding how atoms
and electrons interact under different conditions. There
are significant discrepancies between the theoretically
predicted and measured critical positions (Lucas, 1979).
Additionally, positions of critical points are difficult to
measure, owing to the angular limitations of the detectors
used (Bransden and Joachain, 2003); hence, the need for
studying critical points in the elastic electron-neon atom
scattering process using the distorted wave method with
potentials: static potential, static-exchange potential,
static-exchange-polarization  potential, static-exchange-
polarization-absorption potential, and static-exchange-
polarization-absorption and  spin-orbit interaction
potential. Studying these critical points allows researchers
to identify threshold behaviors, detect resonances, and
test the validity of theoretical models against experimental
data. As a result, critical points help improve the accuracy
of cross-section predictions and give deeper insight
into complex collision dynamics, which is crucial for
applications in plasma physics, astrophysics, radiation
physics, and fusion research. Furthermore, for some heavy
atomic targets and collision energies, the maximum spin
polarization—due to the target’s atomic potential and
exchange interaction of elastically scattered electrons—
occurs at scattering angles close to the minima in the
differential cross section (Kelemen and Scheid, 1995).
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THEORETICAL METHOD

Distorted wave method
Within the framework of the distorted wave Born approximation (DWBA), the T-matrix element is formulated in terms

of its constituent direct and exchange contributions, expressed as;

DWBA mpD: 2
Tri :Tf€l+ Tei™ — Tf; (1)

where Tf‘? tand Tﬁ- 2 are the components of the direct T-matrix element, given by (Madison ez al., 1995);

TH = —ii 221+ 1)e®t sind,p, (cosh) 2)
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and where the reduced residual is represented by U= _[Usr — Uopr) =W pen T Upor T U, + ill_;.), and the

exchange T-matrix is represented as follows;
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Atomic wave functions

We used Atomic radial wave functions to represent the ground state of neon as tabulated by Bunge et al. (1993);

Pa [T‘ ] = _;. =1 _:'i'! f:,,! [T‘ ] (6)
L f Tivy = ar
f_‘;l:': (T‘ ] - [ (2177 :l :| prinig ~gnl (7)

where I}u,, { int Cint> denote integers, exponents, and coefficients respectively.

Distortion potential
We evaluated the radial equation using the distortion potential of the form;
U=1,, [:T'] + Vox (T‘j +Vpo:(r] =0 I:T']+I bs(rj (8)

The static potential is expressed as;

sr[r]___—I_Eu‘ Va -r dfp‘l: :I ©)
=
where v, = 2[1_] =22l + 1) specifies the occupation number of the 1,1, target subshell.

The exchange potential V., (), is given as (Furness and McCarthy. 1973);
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where p(1) is the target’s electron charge density, and E is the incident electron-impact energy

Buckingham type II polarization (Vpp: (1)) used is of the form (Adibzadeh and Theodosiou. 2005);
[I‘"] l:l"+:"'}" (11)
where ¢ is the target’s dipole polarizability and 7, is the energy-dependent cutoff radius of the form;
1 E
T‘C(T') =a+ EIHE (12)
where a is the mean value << 1 ==_, of the target’s outermost occupied shell. E; and E are the target’s ionization energy

and incident electron impact energy, respectively.

The spin—orbit interaction potential takes the analyEical form (Cowan, 1981; Kelemen, 2002);

[ 14V, e
+}( )= (+? dfm (13)
where f (j,l)=—— for) =]-= and f (j.l)=- —forj=1+ : , and o< denoting the fine structure constant.

Absorption potential for electron scatterlng is approx1mated by the non-local absorption potential of Staszewska ez al.

(1984) of the form;
- 1 3 a3 =+ -
ans(rj = —;T:M[r,p]p[r]crb(p[r],r ) (14)

Differential cross sections

The differential cross sections are given by (Kumar et al. 2018);
IE8)=[IfI* + |gI*] (15)

where f(8) and g(8) are the direct and spin-flip scattering amplitudes. The direct and spin-flip scattering amplitudes are

related to the transition matrix elements as;

f(8) = (2m)*T" (16)
g(6) =-@m)*T (17)
where TZ (TE%) are the direct (exchange) transition matrix elements.

Critical points

The differential cross-section surface is minimized in order to determine the critical points. For a particular impinging
electron energy E E;, the least value of the differential cross section (DCS) for electron-neon atom is computed with
Af = 1°A8 = 1% and AE = 1 eVAE = 1 eV. The point(s) of convergence of the differential cross section surface
(DCS) for electron-neon atom scattering as a function of incident electron energy E, and scattering angle 88, in the
range 0 < £ < 180°0 < # < 180°and 10 10 E< 300 eV=< 300 eV indicate the location of the critical minima.
Data analysis, curve fitting, and critical point determination were performed using OriginLab OriginPro software

(OriginLab, 2023)
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RESULTS AND DISCUSSIONS
Differential cross sections

The differential cross sections for elastic electron scattering
from neon are presented in Figures 1-5 for incident
electron energies of 10, 20, 40, 50, and 100 eV, spanning
the angular range0 < 6 < 180", The present results
were obtained using the static (VST), static—exchange (SE),
(SEP),

polarization—absorption (SEPA), and static—exchange—

static—exchange—polarization static—exchange—
polarization—absorption—spin—orbit (SEPASO) potentials,
denoted as NE_S, NE_SE, NE_SEP, NE_SEPA, and NE_
SEPASO, respectively.

As the incident electron energy increases from 10 eV to
100 eV, the differential cross sections (DCSs) show a clear
transition in the relative importance of the components of
the distortion potential. At low energies (figure 1-2), the
static potential alone does not reproduce the experimental
angular distributions, and the DCS is strongly influenced
by both exchange and polarization terms, since the slow
electron interacts for a longer time with the target and
exhibits significant wavefunction overlap and atomic
distortion. As the energy increases, however, these exchange
and polarization effects gradually weaken, and the
scattering becomes more forward-peaked and increasingly
dominated by the static interaction. Meanwhile, the
absorption potential becomes more important at higher
energies because more inelastic channels open, leading to
a reduction in scattering intensity, particularly at larger
angles (figure 4-5). Spin—orbit contributions remain
relatively small throughout but provide slight refinements
to the angular structure. Overall, by around 100 eV, the
DCS is largely controlled by the static and absorption
potentials, with exchange, polarization, and spin—orbit
terms contributing only minor corrections.
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Figure 1: Experimental data: WC, Williams, and Crowe (1975).
Calculations: VST, present DWBA with static potential, se,

present DWBA with static-exchange potential, sep, present
DWBA with static-exchange-polarization potential, sepa,
present DWBA with static-exchange-polarization-absorption
potential, sepaso, present DWBA with static-exchange-
polarization-absorption and spin-orbit interaction potential,

MS, McEachran and Stauffer (1983).
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Figure 2: Differential cross sections for elastic electron
scattering by neon at 20 eV impact energy. Experimental data:
WC, Williams, and Crowe (1975). Calculations: VST, present
DWBA with static potential, SE, present DWBA with static-
exchange potential, SEPA, present DWBA with static-exchange-
polarization-absorption potential, SEPASO, present DWBA
with static-exchange-polarization-absorption and spin-orbit
interaction potential, MS, McEachran and Stauffer (1983),
McC, McCarthy et al., (1977).
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Figure 3: Same as Fig.2 except at energy, E = 40 eV.
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Figure 4: Same as Fig.2 except at energy, E = 50 eV
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Figure 5: Differential cross sections for elastic electron
scattering by neon at 100 eV impact energy. Experimental
data: WC, Williams, and Crowe (1975). Calculations: VST,
present DWBA with static potential, SE, present DWBA with
static-exchange potential, SEPA, present DWBA with static-
exchange-polarization-absorption potential, SEPASO, present
DWBA with static-exchange-polarization-absorption and spin-
orbit interaction potential, McC, McCarthy et al., (1977). PK,
Paikeday (2000).

Critical point

Figure 6 presents the differential cross sections (DCS)
for electron—neon atom scattering, calculated using the
static—exchange potential, as a function of the scattering
angle 8 and incident electron energy E, within the ranges
0 < 8 < 180° and 10 <E< 100 eV. From Figure 6,
it is observed that the present critical minimum for neon,
located at (100.57 £ 17, 63.66 = 1 eV) is in close
agreement with the experimental results of Register and
Trajmar (1984), who reported the critical minimum at

(101.7 £ 1.5, 625+ 2.5 el),

present result is also consistent with the theoretical findings

Furthermore, the

of Paikeday (2000), which placed the critical minimum at
(98.17,66.5 eV).

The shift in the position of the critical minima with
respect to the scattering angle arises from changes in the
interference pattern of the scattering amplitudes as the
incident energy increases. At low energies, the electron
interacts more strongly with the target, and long-range
effects such as polarization, together with short-range
exchange contributions, influence the phase of the partial
waves, causing the minima to appear at relatively larger
scattering angles. As the energy increases, the electron’s
wavelength becomes shorter and the scattering becomes
more strongly forward-directed. This alters the phase
relationships between the contributing amplitudes, so the
point of destructive interference moves toward smaller
angles. Consequently, the observed shift in the critical
minima reflects how the balance between long-range and
short-range interactions evolves with energy and how this
evolution reshapes the angular structure of the DCS.
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Figure 6: Differential cross section (DCS) for electron—neon
scattering calculated with the static—exchange potential, as a
function of scattering angle 0 (0 << @ << 180°), and incident
electron energy E (10 =IE<C 100 eV), showing the critical
minimum localized at (100.57 £ 17, 63.66 £ 1 eV,

CONCLUSION

This study computed differential cross sections (DCSs)
and critical points for elastic electron-neon atom scattering
at intermediate energy range, using the distorted wave
method with a distortion potential made up of static,
polarization, exchange, absorption, and spin—orbit terms,
over the angular interval 0 = & = 180°. The differential
cross section results (DCS’s) show improved agreement
with experiment as energy increases, as the scattering is
dominated by static interactions and absorption effects
become more significant. Our location of the critical
minima (10057 4+ 17, 6366+ 1eV) in the DCSs
for elastic electron-neon atom scattering, obtained
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using the static-exchange potential (SE), is in close
agreement with the experimental results of Register and
Trajmar (1983), which localized the critical minima at
(101.7 £ 1.5, 62.5 % 2.5 el’). Overall, the method
provides a reliable description of the energy-dependent
scattering behaviour in the 10-100 eV range.
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Suggestions for Future Work
o Extend the calculations to higher energies or
additional atomic targets to test the generality of
the model.
e Incorporate more advanced correlation or
relativistic effects to refine low-energy accuracy.
¢ Investigate how individual potential components
influence specific critical points to better
understand underlying mechanisms.
e Extend the analysis to include inelastic channels
such as excitation or ionization to give a more

complete description of scattering processes.

REFERENCES
Adibzadeh, M., Theosdosiou, C. E. (2005). Elastic

scattering from inert-gas atoms. Atomic Data and
Nuclear Data Tables, 91, 8-76.

Bartschart, K., McEachran, R. P, and Stauffer, A. D.
(1988). An optical potential approach to electron and
positron scattering from noble gases: argon. Journal of
Physics B: Atomic, Molecular and Optical Physics. 21,
2789 - 2800.

Bransden, B. H., & Joachain, C. ]J. (2003). Physics of Atoms
and Molecules (2nd ed.). Pearson

Brewer, D. E C., Newell, W. R., Harper, S. E, and Smith,
A. C. H. (1981). Elastic scattering of low-energy
electrons by neon atoms. Journal of Physics B: Atomic,
Molecular and Optical Physics. 14, L749-L754.

Bunge C. E, Barrientos, ]. A., and Bunge, A. V. (1993).
Roothaan-Hartree-Fock ~ ground  state  atomic

wave functions: Slater-type orbital expansions and

expectation values for Z=2-54. Atomic Data and

Nuclear Data Tables, 53,113-162.

Chen, S., McEachran, R.P, and Stauffer, A. D. (2008). Ab

initio optical potentials for elastic electron and positron
scattering from the heavy noble gases. Journal of Physics
B: Atomic, Molecular and Optical Physics. 41, 025201
(10pp).

Cowan, R. D. (1981). The theory of atomic structure and
spectra. University of California Press.

Deitel, H.M., and Deitel, P. J. (2004). How to program.
New Jersey: Prentice-Hall Inc.

Felipe, A., Marcos, V. B., Aldofo, S., Eliton, P. S., and
Wagner, T. (2019). Journal of Physics B: Atomic,
Molecular and Optical Physics. 52, 215201.

Fischer, C. E, Brange, T., and Jonsson, P (1997).
Computational Atomic Structure. London: Institute
of Physics.

Fon, W. C., Berrington, K. E., Burke, P. G., and Hibbert,
A. (1981). The elastic scattering of electrons from inert
gases: Neon. Journal of Physics B: Atomic, Molecular and
Optical Physics, 14, 323-334.

McCarthy, LE. (1973).
Semiphenomenological Optical Model for Electron
Scattering on Atoms. /. Phys. B. 6, 2280 - 2291.

Hussain, A. H., and Ali, E A. (2007). Differential cross
sections and critical points for elastic scattering of

Furness, J.B. and

electrons by Krypton atoms in the range (2 -110) eV
by using an optical potential model. Basrah Journal of
Science (A), 25, 1 — 16.

Joachain, C. J. (1975). Quantum Collision Theory. North-
Holland Publishing Company, Amsterdam. Pg 3-11,
622-628.

Kelemen, V. 1. (2002). Complete spin polarization of 0.5-
to 500-eV electrons elastically scattered by argon atoms:
Theoretical consideration. Zech. Phys., 47, 1083-1089.

Kelemen, V. L., & Scheid, W. (1995). Relativistic
calculations of elastic electron—atom scattering and spin
polarization effects. Journal of Physics B: Atomic,
Molecular and Optical Physics, 28, 1527-1540.

Khare, S. P, and Raj, D. (1980). Critical points for elastic
scattering of electrons by light atoms. Journal of Physics
B: Atomic and Molecular Physics, 13, 4627.

Khalif, A. A., and Ali, E A. (2007). Ciritical points of
scattering positrons from neon, Krypton, and Xenon
atoms at low energy regions by using the dipole
polarization potential. Basrah Journal of Science (A),
25(1), 60 -70.

Kumar, A., Kumar, S., Rastogi, N., and Raj, D. (2018).
Critical points for electron — Mg atom elastic scattering.
Journal of Physics B: Atomic, Molecular and Optical
Physics. 51, 035203 (7pp).

McCarthy, I. E., Noble, C. J., Phillips, B. A., and Turnbull,
A. D. (1977). Optical model for electron scattering
from inert gases. Physical Review A. 15, 6.

Afr. J. Pure Appl. Sci. Vol. 6(2), 64 — 70, December 2025

69



Madison, D. H., Bartschart, K., and Peacher, J. L. (1991).
Effect of non-spherical distortion potentials in a first-
order distorted-wave calculation. Physical Review A,
44, 304-309.

Madison, D. H., Lehmann, M., McEachran, R. P, and
Bartschart, K. (1995). Elastic and inelastic scattering of
electrons from potassium. Journal of Physics B: Atomic,
Molecular and Optical Physics. 28, 105 -119.

McCarthy, I. E., Noble, C. J., Phillips, B. A., and Turnbull,
A. D. (1977). Optical model for electron scattering
from inert gases. Physical Review A. 15, 6.

McCarthy, I. E. and Weigold, E. (1995). Electron-Atom
Collisions. (Cambridge University Press, Cambridge).
pp 156 — 190.

McEachran, R. P, Buckman, S. J., and Tanaka, H. (2008).
Elastic scattering from neon at backward angles.
Physical Review A, 78, 034702.

McEachran, R. P, and Stauffer, A. D. (1983). Elastic
scattering of electrons from neon and argon. journal
of Physics B: Atomic, Molecular and Optical Physics. 16,
4023-4038.

McEachran, R. P, and Stauffer, A. D. (2013). Positronium
formation in the noble gases. Journal of Physics B:
Atomic, Molecular and Optical Physics. 46, 075203
(6pp).

O Connel, J. K., and Lane, N. E (1983). Nonadjustable
exchange—correlation model for electron scattering
from closed-shell atoms and molecules. Physical Review
A. 27, 4.

OriginLab. 2023. OriginPro, Version 2023. Northampton,
MA: OriginLab Corporation. https://www.originlab.

com

Padial, N. T., and Norcross, D. W. (1984). Parameter-free
model of the correlation -  polarization potential for
electron—molecule collisions. Physical Review A. 29,
1742 - 1748.

Paikeday, J. M. (2000). Polarization Potential for e-Atom
Scattering by DCS Minimization at Intermediate
Energies. International Journal of Quantum Chemistry.
80, 989 — 998.

Press, W. H., Teukolsky, S. A., Vetterling, W. T., and
Flannery, B. P. (1992). Numerical Recipes in C: The
Art of Scientific Computing. Cambridge: Cambridge
University Press.

Register, D. E and Trajmar, S. (1983). Differential,
integral, and momentum-transfer cross sections
for elastic electron scattering by neon: 5 to 100 eV.
Physical Review A. 29, 4.

Salvat, E, Martinez, J., D., Mayol, R., and Parellada, J.
(1987). Elastic scattering of electrons by atoms: a semi-
phenomenological approach. Physical Review A, 36
467-474.

Sienkiewicz, J. E., Konopiﬁska, V., Telega, S., and Syty, P.
(2001). Ciritical minima in elastic electron scattering
from argon. Journal of Physics B: Atomic, Molecular and
Optical Physics. 34, L409 — 1.418.

Williams, J. E, and Crowe, A. (1975). The scattering of
electrons from inert gases. II. Absolute differential
elastic cross sections from neon, krypton and xenon
atoms. Journal of Physics B: Atomic, Molecular and
Optical Physics. 8, 13.

Williams, J. E (1979). A phase shift analysis of experimental
angular distributions of electrons elastically scattered
from He, Ne, and Ar over the range 0.5 to 20 eV.
Journal of Physics B: Atomic, Molecular and Optical
Physics. 12, 2.

Af. J. Pure Appl. Sci. Vol. 6(2), 64 — 70, December 2025

70



