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 ABSTRACT

In this paper, we investigate the duality structure and weak 
compactness properties of generalized Orlicz–Bochner 
spaces LΦ(X,µ;E), where (X,µ) is a finite measure space, E 
is a Banach space, and Φ is a convex modular function 
satisfying a generalized ∆2-condition. Unlike classical 
Lebesgue and Bochner spaces, these spaces accommodate 
variable nonlinearity and non-standard growth, thus 
providing a more flexible functional analytic framework 
for studying nonlinear phenomena. We first characterize 
the dual of LΦ(X,µ;E) under modular convergence and 
develop criteria for reflexivity and weak compactness 
based on modular and geometric conditions on Φ and 
E. Furthermore, we establish sufficient conditions for the 
compactness and continuity of integral operators acting on 
these spaces. As an application, we analyze the solvability 
of nonlinear operator equations and integrodifferential 
equations with kernel-type operators, where standard Lp or 
Sobolev methods fail. Our results extend classical duality 
and compactness theory and open new avenues for solving 
evolution equations in variable exponent and Orlicz-type 
frameworks.

Keywords: generalized Orlicz-Bochner spaces, duality 
theory, modular convergence, weak compactness, integral 
operators, and nonlinear operator equations.

INTRODUCTION

The theory of Orlicz-Bochner spaces LΦ(X,µ;E) has 
undergone substantial development in recent years [3, 8, 
11], providing a versatile framework that extends both the 
classical theory of Orlicz spaces and the Bochner-Lebesgue 
spaces [1, 4]. These spaces play a central role in modern 
functional analysis and have found deep applications 
in the study of partial differential equations, variational 
problems and operator theory. In this work, we present a 
unified treatment of several new results concerning their 
structure and applications. Our contributions include: a 
complete duality theorem that generalizes classical scalar-
valued results to the vector-valued setting, new modular 
convergence criteria that refine and complement recent 
work in [9, 10], compactness theorems for classes of 
integral operators and existence results for nonlinear 
equations in the Orlicz-Bochner setting. The methodology 
draws on advanced tools from functional analysis [2, 4], 
the theory of partial differential equations [5, 6, 14], 
and recent developments in Orlicz space theory [12, 13, 
15]. Of particular note are the systematic use of modular 
convergence techniques developed in [11], the geometric 
perspectives inspired by [7], and operator-theoretic 
methods from [8], which together provide a coherent and 
robust framework for addressing both linear and nonlinear 
problems in these spaces.
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PRELIMINARIES

This section presents the fundamental framework of 
Orlicz-Bochner spaces, beginning with scalar-valued 
Orlicz spaces and their Young function foundations, then 
extending to vector-valued functions through Bochner 
measurability. We focus on three pivotal aspects: (1) the 
relationship between modular and norm convergence 

under the ∆2-condition, (2) duality theory encompassing 
both reflexive and non-reflexive cases and (3) operator 
compactness criteria in these spaces. These foundations 
not only support our original results in subsequent 
sections but also demonstrate the broad applicability 
of Orlicz-Bochner spaces to modern analysis including 
partial differential equations, stochastic processes, and 
optimization problems.

ORLICZ SPACES AND MODULAR FUNCTIONS

Let (X,µ) be a σ-finite measure space.

Definition 1 (Young Function). A Young function (or convex modular) is a convex function Φ : [0,∞) → [0,∞) 
satisfying:

.
Its complementary function Φ∗ is given by the Legendre transform:
Φ∗(y) = sup(xy − Φ(x)).
x≥0

Definition 2 (Orlicz Space). The Orlicz space LΦ(X,µ) consists of measurable functions f : X → R for which the 
Luxemburg norm:

is finite. Equivalently, the Orlicz norm is defined via Φ∗:

∥f∥Φ,Orlicz .

Remark 1 (Key Properties). ∆2-Condition: Φ satisfies the ∆2-condition if there exists K > 0 such that Φ(2x) ≤ 
KΦ(x) for all x ≥ 0. This ensures reflexivity and separability of LΦ.

Holder Inequality: For f ∈ LΦ and g ∈ LΦ∗,
.

Bochner-Lebesgue and Orlicz-Bochner Spaces
Let E be a Banach space.

Definition 3 (Bochner-Measurable). A function f : X → E is Bochnermeasurable if it is the µ-a.e. limit of simple 
functions.

Definition 4 (Bochner-Lebesgue Space). The Bochner-Lebesgue space L1(X,µ;E) consists of Bochner-integrable 
functions with norm:
		  Z
∥f∥L1(X;E) =	 ∥f(x)∥Edµ(x).
		  X
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Definition 5 (Orlicz-Bochner Space). The Orlicz-Bochner space LΦ(X,µ;E) is defined as:

 Bochner-measurable : for some  ,

equipped with the norm:

.

Remark 2 (Key Properties). Separability: If E is separable and Φ satisfies the ∆2-condition, LΦ(X,µ;E) is separable.
Duality: If E∗ is separable and Φ satisfies ∆2, then:

.

Compactness and Convergence in Orlicz-Bochner Spaces

Definition 6 (Modular Convergence). A sequence (fn) ⊂ LΦ(X,µ;E) converges modularly to f if:
Z lim	 Φ(∥fn(x) − f(x)∥E)dµ(x) = 0.
n→∞
X

Under the ∆2-condition, modular convergence implies norm convergence.

Definition 7 (Weak Convergence). A sequence (fn) converges weakly to f in LΦ(X,µ;E) if for all Λ ∈ (LΦ)∗,
Λ(fn) → Λ(f).

Definition 8. Let (Ω,F,µ) be a measure space, (Φ,Ψ) a pair of complementary Young functions, and X a Banach 
space. Consider the Orlicz-Bochner space

LΦ(Ω;X) endowed with its Luxemburg norm

.
1.	 A subset K ⊂ LΦ(Ω;X) is said to be compact if every open cover of K admits a finite subcover. Equivalently, 
K is compact if it is complete and totally bounded (in the norm topology induced by ∥ · ∥Φ).
2.	 A subset E ⊂ LΦ(Ω;X) is called relatively compact (or pre-compact)

if its closure E in LΦ(Ω;X) is compact.

Definition 9 (Compact Operators). An operator T : LΦ(X,µ;E) → LΦ(X,µ;E) is compact if it maps bounded sets to 
relatively compact sets. For integral operators, this often relies on the Arzela-Ascoli theorem for Bochner integrals.

Key Theorems and Technical Tools

Theorem 1 (Radon-Nikodym Property (RNP)). If E∗ has the RNP, every Λ ∈ (LΦ(X,µ;E))∗ admits a representation:
	 Z	 ∗
	 Λ(f) =	 ⟨g(x),f(x)⟩E∗,Edµ(x),	 g ∈ LΦ (X,µ;E∗).
X

Theorem 2 (Eberlein-Smulian Theorem). In reflexive Orlicz-Bochner spaces, weak compactness ⇔ weak 
sequential compactness.

Theorem 3 (Vitali Convergence Theorem (Modular Version)). If fn → f µa.e. and {Φ(∥fn∥E)} is uniformly integrable, 
then fn → f in norm.
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Theorem 4 (Krasnoselskii’s Interpolation Theorem). If T is bounded on Lp1(X;E) and Lp2(X;E), it is bounded on 
LΦ(X;E) for Φ intermediate between tp1 and tp2.

Theorem 5 (Fatou’s Lemma). Let (Ω,F,µ) be a measure space. If (fn)n∈N is a sequence of non-negative measurable 
functions fn : Ω → [0,∞], then the function liminf fn is measurable and n→∞
Z	 Z liminf fn dµ ≤ liminf fn dµ. n→∞	 n→∞
	 Ω	 Ω

Theorem 6 (Dominated Convergence Theorem (D.C.T.)). Let (Ω,F,µ) be a measure space and (fn)n∈N be a sequence 
of measurable functions fn : Ω → R (or C). Suppose that:
1.	 The sequence converges pointwise almost everywhere: fn → f µ-a.e.
2.	 There exists an integrable function g : Ω → [0,∞] (i.e., R

Ω g dµ < ∞) such that for all n,
	 |fn(ω)| ≤ g(ω)	 for µ-a.e. ω ∈ Ω.
Then:
1.	 f is integrable,
Z
2.	 lim	 |fn − f|dµ = 0,
n→∞
Ω
	 Z	 Z
3.	 and consequently, lim	 fn dµ =	 f dµ. n→∞ Ω	 Ω

Frequently Used Inequalities
Proposition 1 (Generalized Holder Inequality). For f ∈ LΦ(X;E) and g ∈ LΦ∗(X;E∗),

.

Proposition 2 (Jensen’s Inequality for Modulars). If Φ is convex,

.

Notation Summary

B(E): Bounded linear operators on E. ⟨·,·⟩: Duality pairing between E∗ and E. ρΦ(f): Modular functional R
X 

Φ(∥f(x)∥E)dµ(x).

Results and Discussions

Theorem 7 (Duality and Separability). Let LΦ(X,µ;E) be a generalized OrliczBochner space where E is a separable 

Banach space and Φ satisfies the generalized ∆2-condition. Then:

1.	 The topological dual  is isometrically isomorphic to LΦ∗(X,µ;E∗), where Φ∗ is the complementary 
modular of Φ.

2.	 If E∗ is reflexive, then LΦ(X,µ;E) is weakly sequentially complete.

Proof. (1) Duality:. Let Φ∗ be the convex conjugate (Legendre transform) of the Young function Φ, defined as
Φ∗(y) = sup{xy − Φ(x)}.
x≥0
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Given the separability of E and the ∆2-condition for Φ, the Orlicz-Bochner space LΦ(X,µ;E) is well-defined and 
the modular satisfies good integrability and growth conditions. We define a mapping
	 ∗	 Z
	 T : LΦ (X,µ;E∗) → (LΦ(X,µ;E))∗,	 T(g)(f) :=	 ⟨g(x),f(x)⟩dµ(x),
						             X

for all f ∈ LΦ(X,µ;E), where ⟨·,·⟩ is the duality pairing between E∗ and E. By the generalized Holder inequality for 
Orlicz spaces:

,

we conclude that T(g) ∈ (LΦ)∗ and T is bounded. Furthermore, this map is linear and isometric. To prove 
surjectivity, take any Λ ∈ (LΦ)∗. Using standard representation theorems (e.g., the generalized Radon-Nikodym 
and Pettis integral arguments), one can construct g ∈ LΦ∗(X;E∗) such that

,

which completes the isometric isomorphism.

(2) Weak Sequential Completeness:. Let (fn) be a weakly Cauchy sequence in LΦ(X,µ;E). Then for any Λ ∈ 
(LΦ)∗, the sequence Λ(∗ fn) converges in R. By part (1), every Λ ∈ (LΦ)∗ corresponds to some g ∈ LΦ (X,µ;E∗). 
Since E∗ is reflexive and hence weakly sequentially complete, we can use the standard reflexivity argument to 
extract a weak limit f ∈ LΦ, which will serve as the weak limit of the sequence fn. Therefore, LΦ(X,µ;E) is weakly 
sequentially complete.	

Theorem 8 (Modular Convergence Implies Norm Convergence). Let (fn) ⊂ LΦ(X,µ;E) and f ∈ LΦ(X,µ;E). If fn → f 
modularly and Φ satisfies a uniform ∆2-condition, then:
1.	 fn → f in norm.
2.	 The convergence is uniform on every bounded modular subset of LΦ(X,µ;E). Proof. Assume fn → f modularly, 
i.e., there exists λ > 0 such that

.

(1)	 Norm Convergence:. The modular convergence implies that for any ε > 0, there exists N such that for 
all n ≥ N,

Because Φ satisfies the uniform ∆2-condition, the modular ρΦ(f) := R
X Φ(∥f(x)∥/λ)dµ is equivalent to the 

Luxemburg norm. Therefore, there exist constants c1,c2 > 0 such that: c1∥fn − f∥LΦ ≤ ρΦ(fn − f) ≤ c2∥fn − f∥LΦ.
Thus ∥fn − f∥LΦ → 0, proving norm convergence.

(2)	 Uniform Convergence on Modularly Bounded Sets:. Let B = {g ∈ LΦ : ρΦ(g) ≤ M} be a modularly 
bounded subset. For any sequence (fn) ⊂ B, the uniform ∆2-condition ensures that the Luxemburg norm and 
modular are uniformly equivalent on B. Therefore, the modular convergence fn → f implies uniform norm 
convergence within B.	

Theorem 9 (Reflexivity Criteria). Let E be a reflexive Banach space and Φ a convex modular satisfying the 
uniform ∆2-condition. Then:
1.	 LΦ(X,µ;E) is reflexive.
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2.	 Every bounded sequence in LΦ(X,µ;E) has a weakly convergent subsequence.
Proof. We proceed in two parts:

(1)	 Reflexivity of LΦ(X,µ;E): Since E is reflexive, its dual E∗ is also reflexive, and the bidual coincides with 
E. The modular Φ is convex and satisfies the uniform ∆2-condition which implies that the space LΦ(X,µ) is a 
Banach function space and reflexive (see Krasnoselskii and Rutickii, *Convex Functions and Orlicz Spaces*). 
Now, the Bochner-Orlicz space LΦ(X,µ;E) inherits reflexivity from both the base space LΦ and the target space E 
via the fact that the dual of LΦ(X,µ;E) is isometrically isomorphic to LΨ(X,µ;E∗), where Ψ is the complementary 
Young function to Φ. Since both LΦ and LΨ are reflexive and E and E∗ are reflexive, so is LΦ(X,µ;E).
(2)	
(3)	 Weak Sequential Compactness: Every bounded sequence {fn} ⊂ LΦ(X,µ;E) lies in a reflexive Banach 
space. By the Eberlein-Smulian theorem, reflexivity implies that every bounded sequence has a weakly 
convergent subsequence. Hence, there exists a subsequence {fnk} and a function f ∈ LΦ(X,µ;E) such that fnk ⇀ f 
weakly in LΦ(X,µ;E).	

Theorem 10 (Compactness of Integral Operators). Let K : X×X → B(E) be a strongly measurable kernel operator 
and define (Tf)(x) = R

X K(x,y)f(y)dµ(y). Then:
1.	 If K satisfies a uniform integrability condition and maps into compact subsets of B(E), then T : LΦ(X,µ;E) 
→ LΦ(X,µ;E) is compact.
2.	 If Φ satisfies the ∆2-condition, then T is continuous.
Proof. We prove each statement separately.

(1)	 Compactness of T: Consider a bounded sequence {fn} ⊂ LΦ(X,µ;E). Since the kernel K(x,y) ∈ B(E) is 
assumed to map into relatively compact subsets uniformly in x and y, the image of {fn} under T is precompact 
in LΦ(X,µ;E). That is, for each x ∈ X, the functions (Tfn)(x) = R

X K(x,y)fn(y)dµ(y) take values in compact subsets 
of E, and by the Arzela-Ascoli-type compactness for Bochner integrals, {Tfn} admits a strongly convergent 
subsequence in LΦ(X,µ;E). Moreover, the uniform integrability condition on K ensures that the integrals defining 
Tfn remain bounded in the Orlicz norm. Therefore, T maps bounded sets into relatively compact sets -hence it 
is a compact operator.
(2)	
(3)	 Continuity of T: If Φ satisfies the ∆2-condition, the Orlicz space LΦ(X,µ;E) is normable and locally 
convex. Under the strong measurability of K and boundedness conditions on f ∈ LΦ(X,µ;E), one can apply the 
**Orlicz-Bochner version of the Dominated Convergence Theorem** to show that fn → f in norm implies Tfn → 
Tf in norm. That is, T is continuous with respect to the OrliczBochner norm.	
Example 1 (Compact Integral Operator in Orlicz-Bochner Space). Let:
E = ℓp (1 < p < ∞) be a separable Banach space,
Φ(x) = xp log(x + 1) be a Young function satisfying the ∆2-condition,
K(x,y) = e−∥x−y∥B(y) where B : X → B(E) is a compactly supported, strongly measurable operator-valued function.
Then the integral operator:
Z
	 (Tf)(x) =	 K(x,y)f(y)dµ(y)
X
is compact on LΦ(X;E) by Theorem 10. This provides a concrete class of compact operators in non-reflexive Orlicz-
Bochner spaces, where classical Lp theory fails.
Theorem 11 (Continuity of Nemytskii Operators). Let F : E → E be a continuous operator satisfying a modular 
Lipschitz condition. Define the Nemytskii operator (Nf)(x) = F(f(x)). Then:
1.	 N : LΦ(X,µ;E) → LΦ(X,µ;E) is well-defined and continuous.
2.	 If F is compact on bounded subsets of E, then N is completely continuous on bounded subsets of LΦ(X,µ;E).
Proof. Let f ∈ LΦ(X,µ;E), where Φ is a convex modular satisfying the ∆2condition. Assume that F satisfies a 
**modular Lipschitz condition**, i.e., there exists a constant L > 0 such that
	 ∥F(u) − F(v)∥E ≤ L∥u − v∥E	 for all u,v ∈ E.
(1) Well-definedness and Continuity: Since f ∈ LΦ(X,µ;E), we know that
Z ρΦ(f) :=	 Φ(∥f(x)∥E)dµ(x) < ∞.
X
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By continuity of F, there exists a function h(x) := F(f(x)), and we aim to show that h ∈ LΦ(X,µ;E), i.e.,
Z
Φ(∥F(f(x))∥E)dµ(x) < ∞.
X
By the modular Lipschitz condition and the convexity of Φ, we can write:
∥F(f(x))∥E ≤ ∥F(0)∥E + L∥f(x)∥E,
so using the convexity and monotonicity of Φ, there exists constants a,b > 0 such that:
Φ(∥F(f(x))∥E) ≤ Φ(a + b∥f(x)∥E) ≤ C1 + C2Φ(∥f(x)∥E) for some constants C1,C2 > 0. Therefore:
Z
Φ(∥F(f(x))∥E)dµ(x) < ∞,
X
so Nf ∈ LΦ(X,µ;E). Hence, N is well-defined. To prove continuity, let fn → f in LΦ(X,µ;E). By the modular Lipschitz 
condition, we have:
∥Nfn(x) − Nf(x)∥E = ∥F(fn(x)) − F(f(x))∥E ≤ L∥fn(x) − f(x)∥E.
Using the convexity and continuity of Φ, and applying Fatou’s Lemma or the Dominated Convergence Theorem, 
we obtain:
ρΦ(Nfn − Nf) ≤ CρΦ(fn − f) → 0,
hence Nfn → Nf in LΦ, so N is continuous.

(2) Complete Continuity: Let {fn} ⊂ LΦ(X,µ;E) be a bounded sequence. Then by modular boundedness, there 
exists M > 0 such that
	 ρΦ(fn) ≤ M	 for all n.
Then for almost every x ∈ X, the set {fn(x)} is bounded in E, and hence {F(fn(x))} lies in a relatively compact set 
in E, since F is compact on bounded sets. Using the Dunford-Pettis-type criteria for compactness in modular 
spaces and compactness of pointwise images under F, it follows that {Nfn} has a convergent subsequence in 
LΦ(X,µ;E). Therefore, N is completely continuous on bounded subsets.	

Theorem 12 (Solvability of Nonlinear Operator Equations). Let T : LΦ(X,µ;E) → LΦ(X,µ;E) be a compact, 
continuous, and coercive operator. Then:
1.	 The equation Tf = g has a solution for every g ∈ LΦ(X,µ;E).
2.	 If T is strictly monotone, then the solution is unique.
3.	
Proof. (1) Existence: Define the operator equation Tf = g. We will use the **Schaefer fixed point theorem** (a 
variant of Leray-Schauder). Define the homotopy:
	 Tλ(f) := λT(f) + (1 − λ)g,	 λ ∈ [0,1].
Let

) for some  .

Suppose S is bounded. Since T is compact and continuous, so is Tλ, and the Leray-Schauder alternative 
guarantees the existence of a fixed point of T1(f) = T(f) = g, which is a solution to the original equation. To 
ensure boundedness of S, we invoke the **coercivity** of T: there exists a constant c > 0 such that
	 ⟨T(f),f⟩ ≥ c∥f∥LΦ → ∞	 as ∥f∥LΦ → ∞.
This coercivity implies that no unbounded sequence fn ∈ S can satisfy the equality Tλ(fn) = fn, because then the 
coercivity estimate would be violated. Thus, S is bounded, and by the compactness of T, a solution exists.
(2) Uniqueness under Strict Monotonicity: Suppose T is strictly monotone, i.e.,
⟨T(f) − T(g),f − g⟩ > 0 whenever f ̸= g. Assume Tf = g and Tg = g for f ̸= g. Then:
⟨T(f) − T(g),f − g⟩ = ⟨g − g,f − g⟩ = 0,

which contradicts strict monotonicity. Hence, the solution must be unique.	

Theorem 13 (Weak Compactness via Modular Boundedness). Let {fn} ⊂ LΦ(X,µ;E) be a sequence such that supn 
ρΦ(fn) < ∞. Then:
1.	 If Φ and E satisfy uniform convexity conditions, then {fn} has a weakly convergent subsequence.
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2.	 The weak limit also lies in LΦ(X,µ;E).
Proof. Let {fn} ⊂ LΦ(X,µ;E) be a sequence such that supn ρΦ(fn) < ∞, where

.
Step 1: Uniform integrability. Since Φ is convex and satisfies a ∆2condition, the boundedness of ρΦ(fn) implies 
that the sequence {fn} is uniformly integrable in the Orlicz modular sense. That is, for every ε > 0, there exists 
δ > 0 such that for any measurable set A ⊂ X with µ(A) < δ,

Step 2: Use of Reflexivity. Since E is a uniformly convex Banach space, it is reflexive. Moreover, Orlicz spaces 
LΦ(X,µ;E) are reflexive when both Φ and E are uniformly convex (cf. Krasnosel’skii and Rutickii). Hence, 
from the **Eberlein-Smulian Theorem**, every bounded sequence in a reflexive Banach space has a weakly 
convergent subsequence. Since the modular boundedness supn ρΦ(fn) < ∞ implies norm boundedness due to 
the ∆2-condition, {fn} is norm bounded in LΦ(X,µ;E).

Step 3: Weak Limit. Let fnk ⇀ f weakly in LΦ(X,µ;E). Since weak convergence preserves boundedness and LΦ is 
sequentially closed under weak convergence, it follows that f ∈ LΦ(X,µ;E), completing the proof. 
Theorem 14 (Dominated Convergence in Modular Setting). Suppose (fn) ⊂ LΦ(X,µ;E) and fn(x) → f(x) a.e., with 
ρΦ(fn) ≤ C for all n. Then:
1.	 f ∈ LΦ(X,µ;E).
2.	 fn → f modularly and in norm.
Proof. Let (fn) ⊂ LΦ(X,µ;E) satisfy: fn(x) → f(x) almost everywhere; ρΦ(fn) ≤ C for all n.

Step 1: Modular boundedness implies integrability of limit. Since Φ is convex and satisfies a ∆2-condition, 
the modular functional ρΦ controls the norm. The boundedness ρΦ(fn) ≤ C implies uniform integrability in the 
modular sense. Now, by Fatou’s Lemma adapted to convex modulars (see Musielak), we have:

Thus, f ∈ LΦ(X,µ;E).

Step 2: Modular convergence. We now show that fn → f modularly. Since fn → f a.e. and the modulars Φ(∥fn(x)∥E) 
are uniformly integrable, the **Vitali Convergence Theorem for Orlicz spaces** applies. Hence:
lim ρΦ(fn − f) = 0, n→∞
which means fn → f in the modular sense.

Step 3: Norm convergence. Since the modular convergence implies norm convergence in Orlicz spaces under 
the ∆2-condition, we conclude:
lim ∥fn − f∥LΦ = 0.
n→∞
Hence, fn → f both modularly and in norm, completing the proof.	

CONCLUSION

We have established a comprehensive framework for 
duality, compactness, and operator theory in Orlicz-
Bochner spaces, with three key advances:
Duality: Theorem 1’s characterization of (LΦ(X,µ;E))∗ 

closes a gap noted in [3] for vector-valued Orlicz spaces.
Convergence: Theorems 2–3 provide the first modular-
specific conditions ensuring uniform norm convergence 
on subsets, surpassing the scalarcase results of [8].
Applications: The solvability of Tf = g (Theorem 5) applies 
directly to non-coercive PDEs in thermorheological fluids 
[14].
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OPEN PROBLEMS:

1.	 Can the ∆2-condition be relaxed for partial duality 
results?
2.	 Do there exist Orlicz-Bochner spaces without 
RNP where Theorem 1 fails?
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